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SUMMARY 

The general  coalescence-dispersion ( C / D )  c l osu re  provides phenomenologi- 
c a l  modeling o f  t u r b u l e n t  molecular mix ing .  The models o f  Cur l  ( r e f .  1) and 
Dopazo and O 'Br ien  ( r e f .  2 )  appear as two l i m i t i n g  C / D  models t h a t  "b racket "  
t h e  range o f  r e s u l t s  one can ob ta in  by var ious  models. Th is  f i n d i n g  i s  used 
t o  i n v e s t i g a t e  t h e  s e n s i t i v i t y  of t h e  r e s u l t s  t o  t h e  cho ice  o f  t h e  model. 

0 I n e r t  s c a l a r  m ix ing  i s  found t o  be l e s s  mode l -sens i t i ve  than m ix ing  accompa- 
P, n i e d  by chemical reac t i on .  I n f i n i t e l y  f a s t  chemis t ry  approximat ion i s  used t o  
w r e l a t e  t h e  C/D  approach t o  Toor 's e a r l i e r  r e s u l t s  ( r e f .  3 ) .  Pure m i x i n g  and 

cu 

I 

i n f i n i t e  r a t e  chemis t ry  ca l cu la t i ons  a r e  compared t o  study t u r t h e r  a recen t  
r e s u l t  o f  Hsieh and O 'Br ien  ( r e f .  4)  who found t h a t  h ighe r  concen t ra t i on  
moments a re  n o t  sens 

The modeling o f  
combustion theo ry  ( 0  

ti ve t o  .cherni s t r y  . 
- 

1. INTRODUCTION 

mo lecu la r  mixing i s  a known s tumbl ing  b lock  o f  t u r b u l e n t  
Br ien ,  r e f .  5 ) .  U n t i l  r e c e n t l y  t h r e e  c losu re  models were 

a v a i l a b l e :  t h e  c losu re  introduced by Dopazo and O 'Br ien  ( r e f .  2 ) ,  t h e  c l o s u r e  
o f  Janicka e t  a l .  ( r e f .  6) ,  and the coalescence-dispersion model o f  CJr l  
( r e f .  1 ) .  

Since C u r l ' s  m ix ing  model was developed w i t h i n  a d i f f e t e n t  con tex t  i t s  use 
f o r  c losu re  i s  a phenomenological s tep  t h a t  can o n l y  be r a t i o n a l i z e d  by compar- 
i s o n  t o  da ta  and some phys i ca l  reasoning. I n  v iew o f  some encouraging r e s u l t s  
(Pope, r e f s .  7 and 8; Wu and O'Brien, r e f .  9; Kollmann and Janicka, r e f .  10; 
G i v i  e t  a l . ,  r e f s .  11 and 12; Nguyen and Pope, r e f .  13; Hsieh and O'Brien, 
r e f .  4 )  and o f  t h e  c a l c u l a t i o n a l  advantages o f  t h e  model (Pope, r e f .  14), t h e r e  
i s  a c l e a r  i n c e n t i v e  t o  i nves t i ga te ,  and p o s s i b l y  improve, i t s  v a l i d i t y .  

I n  t h e  wake o f  t h e  e a r l i e r  p u b l i c a t i o n s  o f  Pope ( r e f .  15), Janicka e t  a l .  
( r e f .  6 ) ,  and Dopazo ( r e f .  16). Pope ( r e f .  1 7 )  in t roduced a genera l i zed  
coalescence-dispersion ( C / D )  model. The c losu re  models o f  Janicka e t  a l .  
( r e f .  6 )  and Cur l  ( r e f .  1 )  can be recovered from t h e  genera l i zed  model as 
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spec ia l  cases. Recently Kosaly ( r e f .  18) showed t h a t  t he  Dopazo-O'Brlen 
( r e f .  2) c losu re  recovers from t h e  general C / D  c losu re  model. 

By i n t roduc ing  a genera l ized C/D model Pope ( r e f .  17) in t roduced a f a m i l y  
o f  models w i t h  t h e  e a r l i e r  models appearing as "members o f  t h e  same f a m i l y . "  
Th is  s tep  made C/D modeling more f l e x i b l e  than before.  
ous models al lows more room f o r  data f i t t i n g  and p h y s i c a l  reasoning. 

The ex is tence o f  numer- 

Since we have now numerous C / D  models, t h e  problem o f  s e n s i t i v i t y  i s  t o  
be addressed. Are t h e  f i n a l  r e s u l t s  s e n s i t i v e  t o  t h e  d i f f e r e n c e s  between d i f -  
f e r e n t  models? Are t he  d i f ferences l a r g e  enough t o  invoke exper imental  stud- 
i e s  t o  decide between var ious models? What k i n d  o f  experiments a r e  t o  be 
performed t o  decide between the  d i f f e r e n t  models? This  paper addresses these 
quest ions.  

The present  paper discusses general  coalescence-dispersion modeling. The 
necessary background i s  reviewed i n  s e c t i o n  2. Sect ion 3 discusses t h e  m ix ing  
o f  an i n e r t  sca lar  i n  the s p a t i a l l y  homogeneous case and i n  t h e  s t r o n g l y  space 
dependent case of a round j e t  d i scha rg ing  i n t o  qu iescent  surroundings. C / D  
modeling i n  t h e  l i m i t i n g  case o f  i n f i n i t e l y  f a s t  chemistry i s  i n v e s t i g a t e d  i n  
s e c t i o n  4 .  I n  t h i s  sect ion,  t h e  C / D  r e s u l t s  a r e  compared t o  t h e  noted r e s u l t  
o f  Toor ( r e f s .  3 ,  19, and 20) who es tab l i shed  a r e l a t i o n s h i p  between t h e  aver-  
age reac tan t  concentrat ion and t h e  decay o f  t h e  var iance w i t h o u t  r e a c t i 0 n . l  
Sect ion 5 discusses the  behavior o f  t h e  h ighe r  moments o f  concen t ra t i on  i n  t h e  
f a s t  chemist ry  case and i n  t h e  case o f  pure mix ing.  The main r e s u l t s  o f  t h e  
work a re  summarized i n  s e c t i o n  6 .  

2. BACKGROUND 

We f i r s t  consider t h e  simple case o f  a passive s c a l a r  inhomogeneous incom- 
p r e s s i b l e  t u r b u l e n t  f l o w  and s i m p l i f y  t h e  ma t te r  f u r t h e r  by assuming t h a t  t h e  
s c a l a r  i s  i n i t i a l l y  homogeneously d i s t r i b u t e d  i n  space. Le t  cp(g,t) be t h e  
s c a l a r  and p (q , t )  i t s  pdf.2 

The general  coalescence-dispersion ( C / D )  model i s  de f i ned  by t h e  f o l l o w -  
i n g  e v o l u t i o n  equation (Pope, r e f .  17 ) :  

3ILb.a. = -2pwp(*,t) a t  

The f u n c t i o n  A(a) i s  zero ou ts ide  [0,1], nonnegative and normal ized t o  
u n i t y  w i t h i n  [ O , l ] .  The parameter p i s  de f i ned  by Pope ( r e f .  17) as 

lWhereas t h e  o r i g i n a l  d e r i v a t i o n s  a r e  contained i n  references 19 and 20, 

2Throughout t h e  paper we w i l l  in terchangeably  r e f e r  t o  t h i s  case as t h e  

most o f  t h e  t i m e  we w i l l  r e f e r  t o  re ference 3 where Toor reviews both t h e  ear- 
l i e r  d e r i v a t i o n s  and the  r e l a t e d  exper imental  work. 

homogeneous (temporal) problem o r  t h e  p lug - f l ow  ( s p a t i a l )  problem ( H i l l ,  
r e f .  21). 
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1 
1 P =  

al - T a2 

1 
a m = /CmA(a) do 

I n  t h e  Monte-Carlo s imu la t i on  o f  equat ion ( l a ) ,  t h e  random v a r i a b l e  a 
c o n t r o l s  t h e  ex ten t  o f  m ix ing  which takes p lace  when a " p a r t i c l e - p a i r "  i s  
se lec ted  f o r  i n t e r a c t i o n .  A ( a )  i s  t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  a 
(Pope, r e f .  17) .  The present  paper discusses t h e  e v o l u t i o n  o f  p(Jr,t) regard-  
less  o f  t h e  numerical  technique appl ied f o r  s o l u t i o n ,  t h e r e f o r e  t h e r e  w i l l  be 
no reference t o  " p a r t i c l e s "  i n  t h i s  work. 

The RHS o f  equat ion ( l a )  represents molecular  m ix ing  i n  t h e  C / D  approxima- 
t i o n .  
t i o n  o f  s p a t i a l  homogeneity. 

t h e  standard d e v i a t i o n  can be obtained. The r e s u l t  i s  

The convect ive term i s  missing from t h e  equat ion because o f  t h e  assump- 

M u l t i p l y i n g  equat ion ( l a )  by ~r~ and i n t e g r a t i n g ,  t h e  t ime  e v o l u t i o n  o f  

Equat ion ( 2 )  i d e n t i f i e s  the  mix ing  frequency as 

where D i s  t h e  d i f f us ion -cons tan t  and XQ( t )  i s  t h e  Tay lo r - length  assoc i -  
a ted w i t h  t h e  mix ing  o f  t h e  sca la r .  (Tennekes and Lumley, r e f .  22) .  

The present  work does n o t  address t h e  problems r e l a t e d  t o  t1.e determina- 
t i o n  o f  t h e  Taylor - length,  t h a t  i s ,  we assume t h a t  t h e  m ix ing  frequency i s  
known. 
a t u r e  (Cor rs in ,  r e f .  23; Beguier e t  a l . ,  r e f .  24; Pope, r e f .  25). 

Regarding t h e  eva lua t i on  of t h e  mix ing  frequency we r e f e r  t o  t h e  l i t e r -  

I n  o rde r  t o  complete t h e  c losure the  f u n c t i o n  A(a) i s  t o  be spec i f i ed .  
d i f f e r e n t  choices o f  A(a) r e s u l t  i n  d i f f e r e n t  C/D models. The o r i g i n a l  Cur l -  
model ( r e f .  1 )  can be recovered by employing A(a) = a(a  - 1 ) .  The c losu re  
suggested by Janicka e t  a l .  ( r e f .  6)  i s  equ iva len t  t o  us ing  A ( a )  = 1 w i t h i n  
0 5 a 5 1. 
a d i f f e r e n t  C/D  model. 

There i s  obv ious ly  an i n f i n i t e  number o f  choices,  each lead ing  t o  

I n  a recent  paper Kosaly ( r e f .  18) considered t h e  case when i h e  m ix ing  
frequency i s  independent o f  t ime  and i n i t i a l  pdf i s  t h e  sum o f  two d e l t a  func- 
t i o n s  a t  ~r = fl. 

. 3  
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From equat lons ( l a )  and ( 4 )  t he  s h o r t  t i m e  form o f  t h e  pdf was der ived.  

The f i r s t  t e r m  on t h e  RHS descr ibes t h e  gradual  decrease o f  t h e  spikes a t  
The second t e r m  accounts f o r  t h e  b u i l d  up o f  t h e  pdf i n  t h e  i n i t i a l  q = ?I. 

phase o f  mix ing.  The appearance o f  t he  A ( a )  f u n c t i o n  i n  t h e  second term 
shows t h a t  t h e  behavior o f  t h i s  f u n c t i o n  i s  i n t i m a t e l y  r e l a t e d  t o  t h e  phys ics 
o f  m ix ing  f o r  at << 1. 

Physical  arguments based on equat ion ( 5 )  l e d  Kosaly ( r e f .  18) t o  t h e  con- 
c l u s i o n  t h a t  any p h y s i c a l l y  acceptable A(a) f u n c t i o n  has t o  peak a t  a = 0 
and decrease monotonica l ly  i n  0 < a < 1. 

Since n e i t h e r  A ( a )  = 6(a  - 1), no r  A(a) = 1 s a t i s f y  t h e  above p h y s i c a l  
requirement, t hey  a r e  c l e a r l y  unphysical  choices. On t h e  o t h e r  hand, i t  i s  
n o t  c l e a r ,  how f a r  t h e  end r e s u l t s  a r e  s e n s i t i v e  t o  t h e  choice o f  A(a) .  
Indeed Kollmann and Janicka ( r e f .  10) r e p o r t  weak s e n s i t i v i t y  t o  t h i s  choice 
i n  t h e  case o f  the m ix ing  o f  a passive s c a l a r  i n  t u r b u l e n t  shear f l o w .  
( r e f .  26) a p p l i e s  t h e  models o f  Janicka e t  a l .  ( r e f .  6) and Cur l  ( r e f .  1) t o  
t h e  hal f -heated g r i d  problem and f i n d s  s i m i l a r  r e s u l t s ,  w h i l e  t h e  Cur l  approach 
i s  u s u a l l y  l e s s  demanding on computer resources. 
t h e  above s e n s i t i v i t y  i ssue  v i a  t h e  examples o f  i n e r t  s c a l a r  m ix ing  and t h e  
conserved s c a l a r  approach t o  r e a c t i v e  t u r b u l e n t  f l ows  w i t h  f a s t  chemistry.  

Hsieh 

The present  paper discusses 

As f u r t h e r  background i n f o r m a t i o n  we rev iew a r e s u l t  o f  Kosaly ( r e f .  18) 
who showed t h a t  i f  A(Q)  has a s u f f i c i e n t l y  narrow peak a t  a = 0, i n  t h e  
sense t h a t 3  

2 a - << 1 
al 

then equat ions ( l a )  and ( l b )  go over  i n t o  

Here ((0) represents t h e  ensemble average o f  t h e  random process cp(8.t). 
Under t h e  present  assumptions t h i s  average i s  independent o f  t i m e  and posi- 
t i o n .  The m ix ing  frequency, however, may depend on t ime.  

Neg lec t i ng  O(a2/al) on t h e  RHS, equat ion ( 7 )  becomes i d e n t i c a l  t o  t h e  
approximate e v o l u t i o n  equat ion de r i ved  by Dopazo and O 'B r ien  ( r e f .  2). It 
t u r n s  o u t  t he re fo re  t h a t  t h e  Dopazo-O'Brien p r e d i c t i o n  i s  equ iva len t  t o  C/D 
modeling v i a  an A(a) f u n c t i o n  w i t h  a s u f f i c i e n t l y  narrow peak a t  a = 0, 

3Note t h a t  a2 > a3 > a4 . . ., t h e r e f o r e  f o r  n > 2, an/al < a2/a l .  
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where "narrowness" i s  def ined by equation ( 6 ) .  The r e s u l t  i y  indeed independ- 
e n t  of t h e  a c t u a l  choice o f  A ( a ) .  For t h e  sake o f  mathematical convenience 
we w i l l  be us ing  

A ( a )  = d(a - E ) ,  E -B +O (8 )  

t o  recover t h e  Dopazo-O'Brien model from the  general C/D formalism. 

We a r e  now i n  t h e  p o s i t i o n  t o  de r i ve  general r e s u l t s  r e f e r r i n g  t o  a l l  

i s  c l e a r l y  t h e  most extreme o f  a l l  t h e  curves who peak a t  

e x i s t i n g  c losu re  models. 
( r e f .  1)  and Dopazo and O'Br ien ( r e f .  2 )  appear as two opposi te  l i m i t i n g  cases. 
A(a )  = &(a - 1) 
a = 1 and decrease as a decreases t o  zero. A(/a) = &(a - E ) ,  E -P +0, on t h e  
o t h e r  hand, i s  t h e  extreme representat ive o f  t h e  p h y s i c a l l y  acceptable shapes 
who peak a t  a = 0 and decrease w i th  i nc reas ing  values o f  a. The A ( a )  = 1, 
0 < a 5 1 choice (Janicka e t  a l . ,  r e f .  6 )  can be considered t o  be hal fway 
between t h e  two extreme choices. 
use t h e  above t h r e e  choices t o  i n v e s t i g a t e  t h e  s e n s i t i v i t y  c f  t h e  r e s u l t s  t o  
t h e  A(a) model. 

It i s  i n t e r e s t i n g  t o  note t h a t  t h e  models o f  Cur l  

In t h e  for thcoming numerical work we w i l l  

The f a c t  t h a t  t h e  Dopazo-O'Brien model can be presented as one o f  t h e  C/D 
models should n o t  c rea te  t h e  misunderstanding t h a t  i t  i s  a r b i t r a r y  as, e.g., 
t h e  Curl-model. While C u r l ' s  model has never been de r i ved  t h e o r e t i c a l l y  as a 
c l o s u r e  model f o r  t u r b u l e n t  molecular mixing, t h e  Dopazo-O'Brien c losu re  does 
f o l l o w  from f i r s t  p r i n c i p l e s  even i f  under r a t h e r  l i m i t i n g  assumptions (Dopazo 
and O'Br ien,  r e f .  2) ;  Pope, r e f .  27; and O'Br ien r e f .  5 ) .  On t h e  o t h e r  hand, 
us ing  e.g., Monte-Carlo techniques, C u r l ' s  model proves t o  be t h e  l e a s t  demand- 
i n g  on computer resources, whi le  the s t r i c t  implementation o f  t h e  Dopazo- 
O'Br ien c losu re  requ i res  i n f i n i t e  computing t ime. This  circumstance 
emphasizes f u r t h e r  t h e  need f o r  s e n s i t i v i t y  s tud ies .  

3. M I X I N G  OF AN INERT SCALAR 

I n  recen t  years severa l  authors used C/D modeling t o  p r e d i c t  exper imental  
data (Wu and O'Brien, r e f .  9; Kollmann and Janicka, r e f .  10; G i v i  e t  a l . ,  
r e f s .  11 and 12; Nguyen and Pope, r e f .  13; Hsieh and O'Brien, r e f .  4 ) .  For 
A(a) e i t h e r  t h e  Cur l  model ( r e f .  1) o r  t he  model o f  Janicka e t  a l .  ( r e f .  6)  
were used, both o f  which a re  p h y s i c a l l y  ob jec t i onab le .  I n  s p i t e  o f  t h i s ,  t h e  
p r e d i c t i o n s  turned o u t  t o  be f a i r l y  encouraging i n d i c a t i n g  t h a t  t h e  c a l c u l a t e d  
end r e s u l t s  may n o t  be s e n s i t i v e  t o  t h e  A(a)-shape. 

I n  o rde r  t o  seek i n s i g h t  i n t o  the s e n s i t i v i t y  problem we f i r s t  cons ider  

I n  t h i s  case t h e  e v o l u t i o n  of t h e  pdf i s  governed e x c l u s i v e l y  by molecu- 

t h e  case descr ibed by equat ion ( l a ) ,  t h a t  i s ,  t h e  m ix ing  o f  an i n i t i a l l y  homo- 
geneously d i s t r i b u t e d  i n e r t  s c a l a r  i n  incompressible,  homogeneous t u r b u l e n t  
f l ow .  
l a r  m ix ing  and n o t  be t h e  combined in f l uence  o f  molecular  m ix ing  and t u r b u l e n t  
convect ion.  The s p a t i a l l y  homogeneous case i s  t h e r e f o r e  more s e n s i t i v e  t o  t h e  
d e t a i l s  o f  t h e  molecular m ix ing  model than t h e  space dependent cases. 

I f  t h e  i n i t i a l  s c a l a r  f i e l d  i s  b inary,  equat ion (5 )  demonstrates t h a t  
immediately a f t e r  t h e  m ix ing  s t a r t s  t h e  shape o f  t h e  pdf i s  d i r e c t l y  de te r -  
mined by t h e  a c t u a l  A(a) shape. 

I n  o rde r  t o  study t h e  problem f o r  f i n i t e  t i m e s  we d e f i n e  t h e  ,noments, cen- 

5 
t r a l  moments and standardized moments o f  cp(X,t), i n  order,  as 



Here  u(t) = d m ,  i s  t h e  standard d e v i a t i o n  o f  t h e  s c a l a r .  

We s i m p l i f y  t he  mathematics by assuming t h a t  t he  m ix ing  frequency does n o t  
depend on t ime  and o b t a i n  f rom equations ( l a )  t o  ( l c )  t h e  f o l l o w i n g  r e s u l t s :  

((P)t = ( (p)o ( l o a )  

( l o b )  
2 2 - 2 0 t  p 2 ( t )  = u ( t )  = u (o)e 

(10d) 
Here y i s  r e l a t e d  t o  t h e  moments o f  A ( a )  as (Kosaly, r e f .  18) 

1 a2 + 4 a4 - a3 

al 2 a2 
Y ’  1 (10e) - -  

The skewness (;3(t)) and t h e  k u r t o s i s  (;4(t)) can be w r i t t e n  as 

The r e s u l t s  r e f e r  t o  a r b i t r a r y  i n i t i a l  d i s t r i b u t i o n  o f  t h e  s c a l a r  and 
a r b i t r a r y  A ( a )  shape. I n s e r t i n g  A(a) = &(a - 1 )  t h e  e a r l y  r e s u l t s  o f  Cur l  
( r e f .  1) can be recovered. 

Equations ( loa)  t o  (1Oc) show t h a t  t h e  f i r s t  t h r e e  moments a r e  independ- 
e n t  o f  t h e  A(a) choice.  It i s  on l y  t h e  f o u r t h  moment t h a t  depends on t h e  
A ( @ )  shape through t h e  parameter y. A l l  models w i t h  y > 0 y i e l d  p4 Q) 

as t + Q). 
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Table I shows the  y values corresponding t o  A ( a )  = 6 ( a  - 1), A ( a )  = 1 
and A(a) = d(a - c ) ,  c -D +O. I n  the t h i r d  column t h e  corresponding k u r t o s i s  
( v 4 )  values a r e  g i ven  a t  ut = 1.0, assuming b i n a r y  i n i t i a l  d i s t r i b u t i o n .  
Whi le t h e  A(a) shapes o f  Cur l  ( r e f .  1) and Janicka e t  a l .  ( r e f .  6 )  d i f f e r  
cons iderably ,  t h e  corresponding y values a re  r e l a t i v e l y  c lose, r e s u l t i n g  i n  
a mere 21 percent  d i f f e r e n c e  between t h e  k u r t o s i s  values. This  d i f f e r e n c e  i s  
indeed smal l  compared t o  t h e  corresponding d i f f e r e n c e  between t h e  Cur l  and t h e  
Dopazo-O'Brien values. This f i n d i n g  suggests t h a t ,  no m a t t e r  how d i f f e r e n t  
t h e  models of Cur l  ( r e f .  1) and Janicka e t  a l .  ( r e f .  6) seem t o  be, one does 
n o t  expect s u b s t a n t i a l  d i f f e rences  when app ly ing  these two models (Hsieh, 
r e f .  2 6 ) .  Di f fe rences  can, however, be expected between C u r l ' s  model and t h e  
models w i t h  powerful peaks a t  a = 0, represented i n  Table I by t h e  extreme 
case of t h e  Dopazo-O'Brien model. 

F igure 1 shows t h e  pdfs  a t  at = 0.96  c a l c u l a t e d  us ing  a Monte-Carlo rou- 
t i n e  v i a  t h e  models o f  Cur l  ( r e f .  1 )  and Janicka e t  a l .  ( r e f .  6 )  and a t h i r d  
pdf corresponding t o  The l a t t e r  shape was chosen 
t o  represent t h e  Dopazo-O'Brien ( r e f .  2) c losure,  w h i l e  keeping t h e  computa- 
t i o n a l  t ime w i t h i n  acceptable l i m i t s . 5  Since one knows t h a t  w i t h  t h e  b i n a r y  
i n i t i a l  c o n d i t i o n  g iven i n  equation ( 4 )  t h e  Dopazo-O'Brien pdf can be w r i t t e n  
as (O'Br ien,  r e f .  5 ) .  

A(a) = 6(a - ao) ,  a0 = 0.1.4 

i t  i s  easy t o  reco n i z e  t h e  two peaks as approximations o f  t h e  two d e l t a  func- 
t i o n s  a t  ~r = 9 = 20.38. 

F igu re  1 suggests s i m i l a r  conclusions as t h e  data i n  Table I. Except f o r  
t h e  sharp peak a t  q~ = 0 i n  t h e  C u r l  pdf ,  t h e  models o f  Cur l  ( r e f .  1) and 
Janicka e t  a l .  ( r e f .  6)  p r e d i c t  roughly s i m i l a r  behavior.  They, however, both 
d i f f e r  markedly f rom t h e  Dopazo-O'Brien ( r e f .  2)  curve, which i s  t o  be consid- 
ered as an extreme rep resen ta t i ve  o f  t h e  models peaking a t  a = 0. 

The t i m e  e v o l u t i o n  d i c t a t e d  by equat ion (11) i s  c l e a r l y  nonphysical  
(O'Br ien,  r e f .  5 ) .  Th is  does n o t  necessa r i l y  mean t h a t  t h e  Dopazo-O'Brien 
model may n o t  g i v e  c o r r e c t l y  moments, o r  even t h e  pdfs ,  i n  cases t h a t  a r e  more 
i n v o l v e d  than t h e  m ix ing  o f  two spikes i n  homogeneous tu rbu lence  (Dopazo, 
r e f .  16). 

We consider  nex t  a two-dimensional, s t a t i o n a r y ,  incompressible,  t u r b u l e n t  
round j e t  d i scha rg ing  i n t o  quiescent a i r .  
s c a l a r  whose value i s  taken t o  be u n i t y  i n  t h e  nozz le and zero i n  t h e  surround- 
i n g  a i r .  We present  t h e  pdf equation i n  i t s  general  form, a l though p o l a r -  
c y l i n d r i c a l  coord inates w i t h  azimuthal symmetry w i l l  be usea. 

I n j e c t e d  i n t o  t h e  f l o w  i s  an i n e r t  

Let  again cp(E,t) be t h e  scalar and p($,x) i t s  p d f .  The pdf does n o t  
depend on t i m e  because o f  s t a t i o n a r i t y .  We w r i t e  t h e  pd f  equat ion us ing  t h e  

4Note t h a t  f o r  b i n a r y  mix ing C u r l ' s  model y i e l d s  a d i s c r e t e  d i s t r i b u t i o n  
( r e f .  1 7 ) .  The continuous l i n e  i n  f i g u r e  1 represents t h e  normal ized h i s t o -  
grams i n  t h e  usual  way. 

51n t h e  numerical  s imulat ions,  t h e  pdf i s  modeled by an ensemble o f  
20 000 Monte-Carlo elements. The s l i g h t  asymmetry o f  t h e  pdf  around 
due t o  t h e  s t a t i s t i c a l  e r r o r s  associated w i t h  t h e  f i n i t e  number o f  computa- 
t i o n a l  elements. 

JI = 0 i s  
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g r a d i e n t  d i f f u s i o n  approximat ion t o  model t he  convect ive te rm and t h e  general-  
i z e d  C / D  model t o  account f o r  molecular  m ix ing  (Nguyen and Pope, r e f .  13).  

Here 
t h e  eddy d i f f u s i v i t y  o f  t h e  sca la r .  -MM($,x) 
t i o n  ( l a ) .  
e d d y - d i f f u s i v i t y  term equal t o  zero and w r i t i n g  
term (XI = U l t ) .  

f l o w  and t h e  k - E t r a n s p o r t  equat ions.  The e d d y - d i f f u s i v i t y  and t h e  m ix ing  
frequency a re  ca l cu la ted  as 

U i ( i  = 1,2,3) a re  t h e  components o f  t h e  t i m e  averaged v e l o c i t y ,  VT i s  
i s  de f i ned  by t h e  RHS o f  equa- 

Equation ( l a )  can be recovered from equat ion (12 )  by s e t t i n g  t h e  
U2 = U3 = 0 i n  t h e  convect ive 

The pdf equation i s  supplemented by t h e  modeled equat ions f o r  t h e  mean 

3 

E a = -  k' 
E '  k VT = 0.09 - 

For more d e t a i l s  we r e f e r  t o  Jones and Whitelaw ( r e f .  28) and G i v i  e t  a l .  
( r e f .  11).  

The c losu re  i s  again n o t  complete w i t h o u t  s p e c i f y i n g  t h e  A (a ) - func t i on  
w i t h i n  t h e  molecular m i x i n g  term. 
models as before.  The Dopazo-O'Brien model again w i l l  be represented by 

Resul ts w i l l  be shown us ing  t h e  same t h r e e  

A ( a )  = & ( a  - ao), a. - 0.1 .  

Figures 2(a) t o  (d )  show t h e  r a d i a l  dependence o f  t h e  f i r s t  f o u r  moments 
o f  t h e  s c a l a r  a t  x = 10D downstream from the  nozz le f o r  t h e  d i f f e r e n t  A ( a )  
choices. (The second, t h i r d ,  and f o u r t h  moments on t h e  f i g u r e s  a r e  d i v i d e d  by 
t h e  r e s p e c t i v e  powers o f  t h e  f i r s t  moment a t  t h e  c e n t e r l i n e  o f  t h e  j e t . )  R 
i s  t h e  r a d i a l  d istance d i v i d e d  by t h e  j e t  h a l f - w i d t h  
q u a n t i t y  i s  def ined as t h e  r a d i a l  p o s i t i o n  a t  which t h e  hean a x i a l  v e l o c i t y  i s  
equal t o  t h e  a r i t hmet i c  average o f  t h e  c e n t e r l i n e  and f r e e  stream v e l o c i t i e s .  

r l  ~ ( x ) .  The l a t t e r  

Whereas i n  the s p a t i a l l y  homogeneous case (p lug - f l ow  r e a c t o r )  t h e  t ime  
(space) dependence was determined e x c l u s i v e l y  by molecular  mixing, p r e s e n t l y  
convect ion p lays an impor tant  r o l e .  We expect t h e r e f o r e  t h e  r e s u l t s  be l e s s  
s e n s i t i v e  t o  the choice o f  A ( a )  than before.  

F igures 2 ( a )  t o  ( c )  show t h a t  t h e  f i r s t  t h r e e  moments a r e  model independ- 
ent ,  an obvious r e s u l t s ,  s ince  these moments w e r e  found t o  be lndependent o f  
t h e  A ( a )  shape even i n  t h e  homogeneous case. ( c f .  eqs. ( l o a )  t o  ( ~ O C ) . )  
F igu re  2(d) shows, however, t h a t  t h e  f o u r t h  moment i s  d i f f e r e n t  f o r  t h e  d i f f e r -  
e n t  models, as expected ( c f .  eqs. (10d) and (10e ) ) .  The f i g u r e  again demon- 
s t r a t e s  t h e  approximate equivalence o f  t h e  Cur l  and Janicka e t  a l .  models and 
t h e  opposi te  extreme na tu re  o f  t h e  Cur l  model v is-a-v is  t h e  Dopazo and O'Br ien 
c losu re .  

The in f l uence  o f  t h e  d i f f e r e n c e  i n  t h e  f o u r t h  moments can be c l e a r l y  seen 
i n  f i g u r e  3. Figures 3(a) t o  ( c )  show t h e  pdf o f  t h e  s c a l a r  across t h e  w i d t h  
o f  t h e  shear layer  a t  x = 10D. F igu re  3(d) presents the  pdf  a t  x = 10D and 
a t  t h e  r a d i a l  l o c a t i o n  R = 0.8. The smal ler  t h e  f o u r t h  moment, t h e  sma l le r  
t h e  k u r t o s i s  value becomes, making thereby t h e  Dopazo-O'Bricn pdf markedly 
C l a t t e r  than the Curl-curve. 



Genera l ly  speaking, however, the d i f f e r e n c e  between t h e  Cur l  and t h e  
Dopazo-O'Brien pdfs i s  n o t  as dramatic as seen on f i g u r e  1. 
t h e  i n f l u e n c e  of t h e  convect ion t e r m  which d imin ishes t h e  s e n s i t i v i t y  o f  t h e  
r e s u l t s  t o  t h e  d e t a i l s  o f  t h e  molecular m ix ing  model. 

Th is  i s  due t o  

By cons ide r ing  m ix ing  i n  homogeneous f l ow  and i n  a two-dimensional j e t  we 
a r e  l o o k i n g  a t  two r a t h e r  extreme cases. The two-dimensional j e t  case i s  
extremely i n s e n s i t i v e  t o  t h e  d e t a i l s  of t h e  molecular  m ix ing  model. 
expects t o  see s t ronger  dependence on A(a )  i n  n e a r l y  homogeneous cases l i k e  
temperature m ix ing  i n  incompressible f l o w  over a h a l f  heated g r i d  (Wu and 
O 'B r ien ,  r e f .  9). 

One 

4. REACTIVE FLOW I N  THE FAST CHEMISTRY LIMIT 

We consider  a second-order, i r r e v e r s i b l e ,  one-step, isothermal  r e a c t i o n  
o f  t h e  type 

and assume t h a t  t h e  tu rbu lence  i s  homogeneous and incompress ib le  and igno re  
any dynamic o r  chemical r o l e  t h e  products may p lay .  
t h a t  t h e  two species a re  i n i t i a l l y  homogeneously d i s t r i b u t e d  i n  space. Le t  
A(g,t) and B(g,t) be t h e  concentrat ions o f  t h e  species and PA(c,t),  pB(c , t )  
and p ~ , ~ ( c l , c " , t )  

t h e  d i f f u s i o n  c o e f f i c i e n t s  of t h e  two species a re  equal (DA = DB = D ) ,  then 

A t B + products ( 1 4 )  

We assume fur thermore 

t h e i r  marginal  and j o i n t  pdfs,  r e s p e c t i v e l y .  

It was shown by severa l  authors (Toor, r e f .  3; O'Brien, r e f .  29) t h a t  i f  

J(x,t) A(x,t) - B(x,t) (15)  

i s  a conserved sca la r ,  t h a t  i s ,  i t  s a t i s f i e s  t h e  d i f f u s i o n  equat ion w i t h o u t  
chemical source term. 

I n  case o f  i n f i n i t e l y  f a s t  chemistry (Toor, r e f .  3; O'Brien, r e f .  29, 
B i l g e r ,  r e f .  30). t h e  random concentrat ion f i e l d s  o f  t h e  two reac tan ts  can be 
r e l a t e d  t o  t h e  J ( t & )  as 

J; J > O  0; J > O  
A = /  

0; J Z O  -J; J < 0 

Fo l l ow ing  OIBr len ( r e f .  2 9 ) ,  we w r i t e  



Let  us assume n o t  t h a t  a t  t = 0 t h e  two species a r e  t o t a l l y  segregated. 
We w r i t e  t h e  j o i n t  pdf  a t  t he  i n i t i a l  t ime, 

PA,B(c ' ,c" ,O) = WAb(C' - CAO)d(C") f wBb(c')b(c" - CEO) (18) 

WA + WE = 1 

Here 
The weight f a c t o r s  WA, WB represent a rea - ra t i os  a t  t he  i n l e t  i n  t h e  p lug- f low 
case. 

CAO, CBO are t h e  respec t i ve  i n i t i a l  concentrat ions o f  t h e  two species. 

Using equat ion (18) t h e  i n i t i a l  d i s t r i b u t i o n s  of A and B become 

PA(c,o) = wAd(c - CAO) + wBd(c) (19a) 

PB(c,o) = wBd(c - c80) + wAd(c) c > o  (1  9b) 

We compare equations (19a) and (19b) t o  equat ion (17a) and o b t a i n  

PJ(C,O) = WAd(C - CAO) + WBd(C + CEO) - ( P < c < a p  (20) 

Le t  us assume fur thermore t h a t  the r e a c t i n g  species a r e  present i n  s t o i -  
ch iomet r i c  p ropor t i on  and w r i t e :  

(21  1 - 1 
2 'A0 - 'BO = '0 

WA = WB = - 

Because o f  equation (21),  P J ( c , t )  i s  an even f u n c t i o n  o f  c f o r  t 10. 
We in t roduce  t h e  new v a r i a b l e  ~r = c/co and o b t a i n  f rom eauat ions (17a), 

u a t i o n  ( 2 0 ' )  i s  t h e  same i n i t i a l  c o n d i t i o n  t h a t  was n s i d  
equat ion ( 4 ) .  It fo l l ows  from equations ( 1 7 ' )  and ( 2 0 ' )  t h a t  

where t h e  b racke t  denotes ensemble averaging. 

red i n  

I n  t h e  general  C/D model of molecular  m ix ing  t h e  pdf  P J ( 9 , t )  s a t i s f i e s  
equat ions ( l a )  t o  ( l c )  and equat ion ( 2 0 ' ) .  The m ix ing  frequency i s  r e l a t e d  t o  
t h e  d i f f u s i o n  constant and t h e  Taylor - length sca le  o f  J(l(,t) by equat ion ( 3 ) .  
The c losu re  i s  t o  be completed by t h e  choice of an A(a)-shape. 
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Le t  us discuss now a new aspect o f  A(a)-modeling by r e f e r r i n g  t o  a noted 
r e s u l t  o f  Toor ( r e f .  3) ,  who re la ted  t h e  average r e a c t a n t  concen t rq t i on  t o  t h e  
standard d e v i a t i o n  of J(g, t )  by t h e  f o l l o w i n g  r e l a t i o n s h i p :  

Here a ( t )  i s  t h e  standard dev ia t i on  o f  t h e  s c a l a r  J(g, t ) .  

Using equat ion (2 )  Toor 's r e s u l t s  becomes 

Let  us r e c a l l  t h a t  equations (23) and (24) r e f e r  t o  s p a t i a l  homogeneity, 
i n f i n i t e  r a t e  chemistry,  s to i ch iomet r i c  cond i t i ons  and equal d i f f u s i o n  con- 
s t a n t s  o f  t h e  two species. I n  the d e r i v a t i o n  Toor ( r e f .  3 )  employs Gaussian- 
shape f o r  t he  PJ(I),t) 
Recent measurements of Bennani e t  a l .  ( r e f .  3 1 ) ,  as w e l l  as extens ive e a r l i e r  
exper imental  work reviewed by Toor ( r e f .  3)  and Brodkey ( r e f .  32) support  equa- 
t i o n  (24 ) .  It i s  p r e s e n t l y  under i n v e s t i g a t i o n  whether t h e  Toor ' s  r e s u l t  
( r e f .  3) can be genera l ized f o r  cases t h a t  are more compl icated than simple 
second-order r e a c t i o n s  (Brodkey and Lewalle, r e f .  33). 

b u t  remarks t h a t  t h i s  assumption may be relaxed. 

Le t  us examine now whether t h e  Toor - resu l t  can be recot#ered v i a  C / D  model- 
ing .  Under s t o i c h i o m e t r i c  condi t ions ( 3 ) t  = ( A ) t  - ( B ) t  = 0. I n s e r t i n g  t h i s  
r e s u l t  i n t o  equat ion ( 7 )  and using equat ion (22a) we o b t a i n  t h e  equat ion gov- 
e r n i n g  t h e  t i m e  e v o l u t i o n  o f  ( A ) t .  

d(A)t 

d t  
- -  - - o ( t ) ( A ) t  + Of:) 

Equat ion (24) recovers i f  a2/al  + 0. 
t h e  C/D models o n l y  t h e  Dopazo-O'Brien approximat ion leads t o  t h e  Toor - resu l t .  

Th is  means t h a t  ou t  of t h e  f a m i l y  o f  

That o t h e r  C / D  models do n o t  recover equat ion (24) can be e a s i l y  seen by 

Simple c a l c u l a t i o n  r e s u l t s  i n  the s h o r t  t i m e  expansion: 
cons ide r ing  t h e  m ix ing  frequency independent of t ime and i n z e r t i n g  equat ion ( 5 )  
i n t o  equat ion (22b). 

2 2  - 1  - ' ut + O(w t ) 
( A ) o  1 - - -  1 a2 

al 

The l i n e a r  term does n o t  correspond t o  exp [ - w t ]  unless 

We conclude t h a t  -- a t  l e a s t  i n  t h e  con tex t  o f  t h e  f a s t  chemist ry  approx i -  

a2/a1 + 0. 

mat ion -- t h e  a p p l i c a t i o n  o f  t h e  Dopazo-O'Brien model i s  equ iva len t  t o  Toor ' s  
r e s u l t  ( r e f .  3) represented by equation (24) .  This means t h a t  t h e  numerous 
exper imental  s tud ies  which i n v e s t i g a t e  t h e  v a l i d i t y  o f  equat ion (24) can be 
a l s o  used t o  i n v e s t i g a t e  t h e  Dopazo-O'Brien c losure.  Indeed, i t  i s  o n l y  by 
comparison t o  data t h a t  i t  w i l l  become p o s s i b l e  t o  decide between d i f f e r e n t  
molecular  m ix ing  models. 
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l h e  equivalence o f  t he  Dopazo-O'Brien ( r e f .  2) c l o s u r e  and Toor 's r e s u l t  
Theo- ( r e f .  3 )  i s  due t o  the long t ime  asymptot ic na tu re  o f  both approaches. 

r e t i c a l  d i scuss ion  o f  the problem w i l l  be g iven i n  forthcoming paper o f  Kosaly 
( r e f .  34). 

It i s  n a t u r a l ,  a t  t h i s  p o i n t ,  t o  r a i s e  again t h e  s e n s i t i v i t y  issue.  Since 
we know t h a t  t h e  Dopazo-O'Brien ( r e f .  2 )  model recovers t h e  Toor- resul t ,  l e t  
us i n v e s t i g a t e ,  how f a r  t he  o t h e r  C/D models dev ia te  f rom it. The s e n s i t i v i t y  
i n v e s t i g a t i o n  was performed w i t h  t i m e  independent mix ing frequency. 

F igure 4 shows the t i m e  e v o l u t i o n  o f  t A ) t / ( A ) ,  f o r  d ' f f e r e n t  C / D  models. 
The A(a) = &(a - a o ) ,  a. = 0.1 c a l c u l a t i o n  i s  n o t  needed t h i s  t i m e ,  s ince  t h e  
Dopazo-O'Brien ( r e f .  2)  r e s u l t  was proved t o  be equ iva len t  t o  equat ion (24),  
and can be represented by a s imple exponent ia l .  It i s  t h e  C u r l - p r e d i c t i o n  t h a t  
dev iates t h e  most from the  Toor-curve. The r e s u l t s  coming f rom t h e  model o f  
Janicka e t  a l .  ( r e f .  6 )  a re  p r a c t i c a l l y  i d e n t i c a l  t o  t h e  C u r l - r e s u l t s  ( r e f .  1) .  
F igure 5 shows t h e  dev ia t i on  f rom t h e  Dopazo-O'Brien (Toor) curve. The maximum 
d e v i a t i o n  between the C u r l - p r e d i c t i o n  and t h e  Toor-exponential i s  -16 percent .  

It i s  important t o  p o i n t  o u t  a bas ic  d i f f e r e n c e  between i n e r t  m ix ing  and 
m ix ing  w i t h  chemical r e a c t i o n .  The model independency o f  t h e  f i r s t  t h r e e  
moments i n  t h e  i n e r t  m ix ing  case l i m i t s  t h e  s e n s i t i v i t y  o f  t h e  pdf t o  t h e  
choice o f  t h e  A(a)-model. The s i t u a t i o n  i s  markedly d i f f e r e n t  i f  m ix ing  i s  
accompanied by chemical r e a c t i o n .  
case even the  f i r s t  moment depends on t h e  choice o f  t h e  molecular  m ix ing  c l o -  
sure model. We w i l l  show i n  t h e  nex t  s e c t i o n  t h a t  model s e n s i t i v i t y  i s  even 
s t ronger  f o r  t h e  h igher  moments. 

Figures 4 and 5 demonstrate t h a t  i n  t h i s  

I n  order  t o  demonstrate t h e  i n f l u e n c e  o f  s t rong  space dependence on t h e  
d e v i a t i o n  between d i f f e r e n t  models we again consider  t h e  f l o w  case descr ibed 
i n  connect ion w i t h  f i g u r e s  2 and 3 .  Reactant A i s  i n j e c t e d  i n t o  t h e  f l o w  
through t h e  nozz le,  w h i l e  B i s  dispersed i n  t h e  quiescent  surroundings. 
F igu re  6 shows t h e  r a d i a l  dependence o f  t h e  average concen t ra t i on  o f  
x = 10D downstream from t h e  nozzle.  The concen t ra t i on  i s  normal ized t o  u n i t y  
a t  t h e  nozz le i n l e t .  The r a d i a l  d i s tance  i s  nondimensional.ized as discussed 
e a r l  i e r .  

A a t  

The c a l c u l a t i o n  was performed i n  t h e  f a s t  chemist ry  approximat ion us ing  
d i f f e r e n t  C/D models t o  evaluate t h e  pdf o f  t h e  conserved s c a l a r  J = A-B. 
The space dependence o f  t h e  m ix ing  frequency was computed v i a  equat ion (13).  
Since equat ion (24)  r e f e r s  o n l y  t o  t h e  s p a t i a l l y  homogeneous case, t h e  Dopazo- 
O ' B r i e n  ( r e f .  2) model was again represented by A(Q) = &(a - ao), a. = 0.1. 
F igure 6 demonstrates t h e  equivalence o f  t h e  d i f f e r e n t  C/D  models f o r  c a l c u l a t -  
i n g  average concentrat ion i n  t h i s  s t r o n g l y  space dependent case. 

5. THE HIGHER MOMENTS OF CONCENTRATION WITH AND WITHOUT CHEMICAL REACTION 

I n  a recen t  work Hsieh and O'Br ien ( r e f .  4) i n v e s t i g a t e d  t h e  m i x i n g  o f  
two species A and 6 i n  t h e  t u r b u l e n t  f l o w  downstream o f  a g r i d .  The two 
species were considered t o  be present  i n  s t o i c h i o m e t r i c  p r o p o r t i o n .  Species 
A was i n t roduced  on t h e  upper h a l f  of t h e  g r i d  and species B on t h e  lower 
h a l f .  The equat ion f o r  t h e  j o i n t  pdf o f  A and 6 was c losed  us ing  a g rad i -  
e n t  d i f f u s i o n  model f o r  t h e  convect ion terms and C u r l ' s  approach f o r  t h e  
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molecular  m ix ing  term. Our present i n t e r e s t  i s  r e l a t e d  t o  r h e  a x i a l  depend- 
ence o f  t h e i r  c a l c u l a t e d  mean, variance, skewness, and k u r t o s i s  values. 

Hsleh and O 'B r ien  ( r e f .  4 )  study t h e  r o l e  o f  t h e  chemical r e a c t i o n  i n  t h e  
behavior  of t h e  above quantities numer ica l ly  by comparing c a l c u l a t e d  values 
w i t h  and w i t h o u t  reac t i on .  The e f f e c t  o f  r e a c t i o n  reduces t h e  mean a t  every 
a x i a l  l o c a t i o n ,  w h i l s t  reduces the var iance below t h e  c e n t e r l i n e  and increases 
above it. The r o l e  of r e a c t i o n  i n  mod i f y ing  t h e  skewness and k u r t o s i s  values 
i s  conspicuously muted. The r e s u l t s  w i t h o u t  r e a c t i o n  compare w i l l  w i t h  exper i -  
mental data r e f e r r i n g  t o  a h a l f  heated g r i d  (Wu and O'Br ien,  r e f .  9; LaRue and 
Libby, r e f .  35) .  Measured r e s u l t s  f o r  t h e  r e a c t i n g  case a r e  n o t  a v a i l a b l e .  

The chemical r e a c t i o n  fo l lows t h e  k i n e t i c  scheme A + b + P and i s  o f  
moderate ra te ,  o f  o rde r  u n i t y ,  compared t o  t h e  t u r b u l e n t  t im scales i n  t h e  
model. I n  o rde r  t o  f i n d  o u t  whether t h e  i n t e r e s t i n g  behavior  o f  t h e  skewness 
and t h e  k u r t o s i s  i s  due t o  moderate r a t e  chemistry o r  r e f l e c t s  a more general  
law, Hsieh and O'Br ien ( r e f .  4 )  suggest s tudy ing  t h e  i ssue  by com7aring 
r e s u l t s  w i t h o u t  chemical r e a c t i o n  t o  corresponding i n f i n i t e  r a t e  chemist ry  
c a l c u l a t i o n s .  

I n  the  present  sect ion,  we i n v e s t i g a t e  t h e  problem i n  t h e  homogeneous 
incompressible f l o w  case and assume t h a t  t h e  two species a r e  i n i t i a l l y  segre- 
gated and homogeneously d i s t r i b u t e d  i n  space ( c f .  eq. ( 1 8 ) ) .  We consider  s t o i -  
ch iomet r i c  c o n d i t i o n s  and app ly  equation (21) t o  e s t a b l i s h  t h e  p lug - f l ow  
coun te rpa r t  o f  t h e  geometr ical  arrangement by Hsieh and O'Br ien ( r e f .  4) .  

I n  t h e  i n f i n i t e  r a t e  chemistry case t h e  concen t ra t i on  pdf PA(qI, t )  i s  
r e l a t e d  t o  t h e  pdf of J v i a  equation ( 1 7 ' ) .  PJ(q,I,t) s a t i s f i e s  equat ions 
( l a )  t o  ( l c )  w i t h  t h e  i n i t i a l  cond i t i on  g i ven  i n  equat ion (20 ' ) .  l e t  
PA m(9,t) be t h e  concen t ra t i on  pdf o f  A w i t h o u t  chemical r e a c t i o n .  (The 
s u l j s c r l p t  llmll stands f o r  "mix ing only.11) w i l l  a l s o  s a t i s f y  equa- 
t i o n s  ( l a )  t o  ( l c ) ,  i t s  i n i t i a l  shape, howevt!?r, w i l l  d i f f e r  f rom t h e  i n i t i a l  
shape o f  PJ(q,I,t). Using equations (19a) and (21) we w r i t e  

PA m(Ji,t) 

Le t  us c a l c u l a t e  t h e  mean and t h e  c e n t r a l  moments o f  t h e  concentrat ion.  
We w r i t e  t h e  n- th  c e n t r a l  moment I n  t h e  i n f l n l t e l y  f a s t  r e a c t i o n  case us ing  
equat ion ( 1 7 ' ) :  

Here < A > t  r i s  t h e  mean as defined i n  equat ion (22a).  The s u b s c r i p t  r 
i n d i c a t e s  i n f i n i t e l y  f a s t  reac t i on .  
a r e  presented i n  co = 1 u n i t s , )  

(Fo r  t h e  sake o f  s i m p l i c i t y  t h e  r e s u l t s  
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Writing equation (29) we used the result 

Since p (q,t) and PA m(q,t) satisfy the same equation their difference 
is due to the J r different initial shapes (cf. eqs. (20’) and (27)). Simple 
calculation provides the known result 

Using equations (29) and (31) the n-th central moment without reaction can 
be expressed via the pdf PJ(@,t). 

We assume now that the mixing frequency is independent of time and use 
equation ( 1 1 )  to write PJ($,t) in the Dopazo-O’Brien approximation (ref. 2): 

(11 ‘ 1  
1 1 pJ(q.t) = 2 a ( q  - ewt) + 2 a ( q  + e-ot) 

Inserting equation ( 1 1 ’ )  into equations (22a), ( 2 8 ) ,  and (32) straight 
forward calculation results i n  

1 -ut - -  
‘A’t,r - 2 e 

Equation (33a) says that the mean with reaction is always smaller than 
without it ((A)t,m = 1/2, an obvious result. Equation (33b) is more interest- 
ing. It says that, i n  the Dopazo-O’Brien approximation, infinite rate chemis- 
try and pure mSxing result in the same central moments. 
discussion to n = 2, 3, 4 we conclude that, in the present model, the vari- 
ance, skewness, and kurtosis of the concentration do not depend on chemistry. 

Restricting the 

Let us recall that equation (33b) was derived using the Dopazo-O’Brien 
(ref. 2) model. Figures 7 and 8 show the variance, skewness, and kurtosis 
versus dimensionless time for different C/D models. 

For each model two curves are shown; one without chemistry, the other with 
infinite rate chemistry. In the Dopazo-O’Brien (ref. 2) approximation the two 
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curves co lnc ide  ( c f .  eq. ( 3 3 b ) ) .  Since i n  the  pure m ix ing  l i m i t  t h e  variaricc! 
\ s  model Independent, the DopdLo-O'Brlen var iance represents  t h e  pure m i x i n g  
case f o r  t h e  o the r  two models as w e l l .  

F igures 7 and 8 show t h a t  both C u r l ' s  ( r e f .  1) model and t h e  approxima- 
t i o n  o f  Janicka e t  a l .  ( r e f .  6 )  prov ide d i f f e r e n t  r e s u l t s .  The e q u a l i t y  o f  
t h e  c e n t r a l  moments w i t h  and wi thout  chemistry appears t o  be c h a r a c t e r i s t i c  o f  
t h e  Dopazo-O'Brien ( r e f .  2 )  c losure r a t h e r  than a general  p r o p e r t y  o f  C/D 
modeling. 

While Hsieh and O'Br ien ( r e f .  4)  c a l c u l a t e  r a d i a l  p r o f i l e s ,  ou r  r e s u l t s  
r e f e r  t o  t h e  a x i a l l y  averaged concentrat ion.  This  l i m i t s  t h e  p o s s i b i l i t y  o f  
comparing t h e  two sets  o f  r e s u l t s .  Keeping t h i s  l i m i t a t i o n  i n  mind, we con- 
c lude, nevertheless,  t h a t  t h e  Cur l - resu l t s  seen on f i g u r e s  7 (a )  and (b )  cont ra-  
d i c t  t h e i r  f i n d i n g  t h a t  t h e  skewness and k u r t o s i s  do n o t  depend on chemist ry  
i n  t h i s  model. One speculates t h a t  i t  i s  t h e  use o f  moderate r a t e  chemist ry  
t h a t  makes t h e  skewness and k u r t o s i s  p r o f i l e s  s i m i l a r  t o  t h e  p r o f i l e s  c a l c u l a -  
t e d  w i t h  pure mixing. I nc reas ing  t h e  r a t e  o f  chemical r e a c t i o n s  would probably  
change t h e  r e s u l t s  o f  Hsieh and O'Br ien ( r e f .  2 )  cons iderably .  

6 .  SUMMARY AND CONCLUSIONS 

A genera l ized coalescence-dispersion (C/D)  model has been in t roduced by 
Pope ( r e f .  1 7 ) .  The c losures o f  Dopazo and O'Br ien ( r e f .  2) and Cur l  ( r e f .  1) 
can be recovered from t h i s  general model as l i m i t i n g  cases. 
by these two models "bracket l l  t h e  range o f  r e s u l t s  one may o b t a i n  v i a  any o t h e r  
C/D model. 

Resul ts  obta ined 

I n  case o f  i n e r t  s c a l a r  mixing f o r  a l l  C/D models s tud ied  t h e  f i r s t  t h r e e  
moments a r e  t h e  same. The f o u r t h  moment may depend q u i t e  considerably  on t h e  
model. It i s  shown t h a t ,  no matter how d i f f e r e n t  t h e  models o f  Cur l  ( r e f .  1) 
and Janicka e t  a l .  ( r e f .  6) seem t o  be one must n o t  expect s u b s t a n t i a l  d i f f e r -  
ence when app ly ing  these two closures.  D i f f e rences  can, however, be expected 
between C u r l ' s  model and an opposite category o f  models whose extreme v e r s i o n  
i s  t h e  c l o s u r e  o f  Dopazo and O'Brien ( r e f .  2 ) .  

Space dependence d imin ishes the s e n s i t i v i t y  t o  t h e  molecular  m ix ing  model. 
Since C u r l ' s  model i s  t h e  l e a s t  burdening on computer resources, once we know 
t h a t  t h e  case i s  n o t  s e n s i t i v e  t o  the molecular  m i x i n g  model i t  i s  adv isab le  t o  
use C u r l ' s  approach. 

I n  o rde r  t o  judge t h e  s e n s i t i v i t y  o f  t h e  r e s u l t s  t o  t h e  molecular  m i x i n g  
model i t  i s  impor tant  t o  p o i n t  ou t  a bas i c  d i f f e r e n c e  between i n e r t  s c a l a r  mix- 
i n g  and m ix ing  w i t h  chemical react ion.  The model independerce o f  t h e  f i r s t  
t h r e e  moments i n  t h e  i n e r t  m ix ing  case understandably l i m i t s  t h e  dependence o f  
t h e  pdf  on t h e  choice o f  t h e  molecular m ix ing  model. The s j t u a t i o n  i s  mark- 
e d l y  d i f f e r e n t  i f  t u r b u l e n t  m ix ing  i s  accompanied by chemical reac t i on .  In 
t h e  present  paper t h e  l i m i t i n g  case o f  i n f i n i t e l y  f a s t  chemist ry  was used t o  
demonstrate t h a t  even t h e  f i r s t  moment o f  t h e  r e a c t a n t  concen t ra t i on  i s  sens i -  
t i v e  t o  molecular  m ix ing  ( f i g s .  4 ( a )  and ( b ) ) .  The model dependence o f  t h e  
h i g h e r  moments i s  even s t ronger  ( f i g s .  7 t o  8).  

New i n s i g h t  can be gained i n t o  t h e  nature o f  C/D modeling by r e l a t i n g  t h i s  
method t o  a r e s u l t  o f  Toor ( r e f .  3 )  who es tab l i shed  a r e l a t i o n s h i p  between t h e  
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average concentrat ion o f  a reac tan t  and t h e  m ix ing  frequency ( c f .  eq. ( 2 4 ) ) .  
Too r ' s  r e s u l t  was der ived assuming s p a t i a l  homogeneity, second-order, i n f i n i t e  
r a t e  chemistry a t  s to i ch iomet r i c  cond i t i ons  and equal d i f f u s i v i t i e s  o f  t h e  two 
species. Experimental i n v e s t i g a t i o n s  reviewed by Toor ( r e f .  3 )  and Brodkey 
( r e f .  32) seem t o  support Too r ' s  r e s u l t .  Th is  means t h a t  t h e  above experimen- 
t a l  i n v e s t i g a t i o n s  conta in  va luable i n f o r m a t i o n  on t h e  v a l i d i t y  o f  t h e  Dopazo- 
O'Br ien c losu re .  

Hsleh and O'Br ien ( r e f .  4 )  s tud ied  t h e  m ix ing  o f  two reac tan ts  i n  t h e  t u r -  
They i n v e s t i g a t e d  t h e  r o l e  o f  chemical reac- 

They modeled t h e  convect ion t e r m  by g r a d i e n t  d i f f u s i o n  and t h e  

b u l e n t  f l o w  downstream o f  a g r i d .  
t i o n  by comparing numer ica l ly  t h e  h ighe r  moments c a l c u l a t e d  w i t h  and w i t h o u t  
r e a c t i o n .  
molecular  m ix ing  term v i a  C u r l ' s  approach ( r e f .  1 ) .  
r a t e  chemistry and found t h a t  t h e  skewness and k u r t o s i s  o f  t h e  r e a c t a n t  concen- 
t r a t i o n  a r e  roughly  i d e n t i c a l  w i t h  and w i t h o u t  chemistry.  

They employed moderate 

, 

The p o s s i b l e  reason behind t h i s  f i n d i n g  was i n v e s t i g a t e d  by comparing 
i n f i n i t e  r a t e  chemistry and pure m ix ing  r e s u l t s  i n  t h e  s p a t i a l l y  homogeneous 
case. S t ra igh t fo rward  mathematics shows t h a t  Dopazo-O'Brien ( r e f .  2) model 
r e s u l t s  i n  equal c e n t r a l  moments i n  t h e  presence and i n  t h e  absence o f  chemi- 
c a l  r e a c t i o n .  The e q u a l i t y  o f  t h e  c e n t r a l  moments, however, appears t o  be a 
c h a r a c t e r i s t i c  o f  the Dopazo-O'Brien ( r e f .  20 c l o s u r e  on ly .  It does n o t  h o l d  
i f  o t h e r  models, e.g. ( r e f .  1 ) ,  a r e  appl ied.  Since Hsieh and O'Br ien ( r e f .  4) 
used C u r l ' s  model we conclude t h a t  t h e i r  skewness and K u r t o s i s  r e s u l t  i s  due 
t o  moderate r a t e  chemistry. 

Since C / D  modeling i s  fundamental ly phenomenological i n  nature,  compari- 
son t o  data i s  t h e  on ly  way t o  decide i t s  v a l i d i t y .  The s e n s i t i v i t y  o f  t h e  
f i r s t  and h i g h e r  moments o f  t h e  r e a c t a n t  concen t ra t i on  t o  t h e  molecular  m ix ing  
model suggests t h a t  measured data i n  a p l u g  f l o w  r e a c t o r  and simulated data 
inhomogeneous f l o w  may p rov ide  u s e f u l  data f o r  model v a l i d a t i o n .  
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TABLE I .  - VALUES OF y DEFINED 
I N  EQUATION (1Oe) FOR DIFFERENT 

C/D lrloDELS 
[ I n i t i a l  distribution given 

by eq. (141.1 
r 

pkdel y Kurtosis a t  
at = 1 

0 CURL 
0 JANICKA ET AL. 
A a. = 0.1 (DOPA20 AND O'BKIEN) 

-1.0 -.6 -.2 .2 .6 1.0 
v 

FIGURE 1.- PROBABILITY DENSITY FUNCTIONS VERSUS CON- 
CENTRATION AT 01 = 0.96. THE DOPAZO-O'BRIEN [21 
MODEL IS APPROXIMATELY REPRESENTED BY A m )  = 6 
(a  - ao), a. = 0.1. (BINARY INITIAL DISTRIBUTION). 
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FIGURE 7. - VARIANCE OF A VERSUS DIMENSIONLESS 
TIME WITH I N F I N I T E  RATE CHEMISTRY AND WITH PURE 
MIXING. I N  THE DOPAZO-O'BRIEN APPROXIMATION. 
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